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L I  GHT PROPAGATION I N  STRATI FI  ED AN1 SOTROPI C MEDI A: 
ORTHOGONALITY AND SYMMETRY PROPERTIES OF THE 4x4 MATRIX 

FORMAL1 SMS 

KLAUS E I D N E R ,  and G U D R U N  M A Y E R  
S e k t i o n  P h y s i k  d e r  K a r l - M a r x - U n i v e r s i t a t  L e i p z i g  
L i n n e s t r a a e  5 ,  L e i p z i g ,  D D R - 7 0 1 0 ,  G.D.R 

AGstract 
F o r  l i g h t  p r o p a g a t i o n  i n  s t r a t i f i e d  media  t h e  n o r m a l  
component  o f  t h e  P o y n t i n g  v e c t o r  i s  d e f i n e d  a s  an  
i n d e f i n i t e  s c a l a r  p r o d u c t .  The v a n i s h i n g  o f  t h i s  s c a l a r  
p r o d u c t  f o r  two waves is r e g a r d e d  a s  t h e i r  m u t u a l  
o r t h o g o n a l i t y .  O r t h o g o n a l i t y  i n  t h i s  s e n s e  is  a n  i n h e r e n t  
p r o p e r t y  of  o p t i c a l  e i g e n m o d e s  i n  l o s s l e s s  m e d i a .  I t  is 
shown t h a t  t h e  matr ices  0 and P a p p e a r i n g  i n  B e r r e m a n ‘ s  
4x4 m a t r i x  f o r m a l i s m  a r e  h e r m i t i a n  and u n i t a r y ,  
r e s p e c t i v e l y ,  w i t h i n  t h i s  m e t r i c .  The a p p l i c a t i o n  of  
t h e s e  p r o p e r t i e s  c a n  f a c i l i t a t e  n u m e r i c a l  c a l c u l a t i o n s  
and a n a l y t i c a l  t r e a t m e n t s .  

L i g h t  p r o p a g a t i o n  i n  inhomogeneous  a n i s o t r o p i c  m e d i a ,  e . $ .  

d e f o r m e d  l i q u i d  c r y s t a l s ,  c a n  b e  d e s c r i b e d  b y  means of  

v a r i o u s  4x4  m a t r i x  f o r m a l i s m s  . A c c o r d i n g  t o  t h e  l a y e r  
model  a o n e  d i m e n s i o n a l l y  inhomogeneous  medium is  d i v i d e d  
i n t o  a s u f f i c i e n t l y  large number o f  homogeneous l a y e r s .  
I n s i d e  t h e  l a y e r s  t h e  wave e q u a t i o n  c a n  b e  s o l v e d  e a s i l y .  

The  s o l u t i o n s  i n  a d j a c e n t  l a y e r s  c a n  b e  c o n n e c t e d  u s i n g  t h e  
b o u n d a r y  c o n d i t i o n s  f o r  t h e  t a n g e n t i a l  c o m p o n e n t s  of  t h e  

e l e c t r o m a g n e t i c  f i e l d .  U s u a l l y  t h e  d i r e c t  i o n  of  
s t r a t i f i c a t i o n ,  i . e .  t h e  l a y e r  n o r m a l ,  is c h o s e n  as  z - a x i s .  
I n  B e r r e m a n ‘ s  f o r m a l i s m i ”  t h e  f o u r  t a n g e n t i a l  Components  o f  
t h e  e l e c t r o m a g n e t i c  f i e l d  a re  r e g a r d e d  as  a 4 - v e c t o r  @ which  
i s  g i v e n  by 
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w h e r e  so and  po a re  t h e  p e r m i t t i v i t y  and  p e r m e a b i l i t y ,  

r e s p . ,  o f  t h e  vacuum.  The  b o u n d a r y  c o n d i t i o n s  r e q u i r e  t h a t  

t h i s  v e c t o r  a t  t h e  o u t p u t - s i d e  o f  t h e  n ' t h  l a y e r  c o i n c i d e s  

w i t h  t h a t  of t h e  i n p u t - s i d e  of t h e  n + l ' s t  l a y e r .  The  

c o n n e c t i o n  b e t w e e n  i n p u t -  and  o u t p u t - s i d e s  o f  t h e  n ' t h  l a y e r  

can b e  w r i t t e n  as  

qn pn w n - 1 s  ( 2 )  

w h e r e  P i s  t h e  s o - c a l l e d  p r o p a g a t o r .  E q . ( 2 )  is t h e  s o l u t i o n  

o f  t h e  e q u a t i o n  w i t h i n  t h e  l a y e r  ( t h e  i n d e x  n is i:lmitted) 

w h e r e  D is  g i v e n  b y  D =  

& t L  
x2 z x  xz J k x x  - 7 z z  ][- kx 7 z z  

0 0 I 

t l €  

0 xz z y  I %Y - - c 3 z z  

0 1 

(3) 

( 4 )  

d i s  t h e  t h i c k n e s s  o f  t h e  l a y e r .  E q . ( 3 )  is a s t r a i g h t f o r w a r d  

c o n s e q u e n c e  o f  M a x w e l l ' s  e q u a t i o n s .  However ,  b e c a u s e  o f  i t s  
i m p o r t a n c e  f o r  t h e  4 x 4  m a t r i x  f o r m a l i s m  it is  o f t e n  r e f e r r e d  

t o  as  Ber reman  ' s  e q u a t i o n .  The r e p e a t e d  a p p l i c a t i o n  of  

Eq.(2) and  t h e  b o u n d a r y  c o n d i t i o n s  l e a d s  t o  t h e  g e n e r a l  

s o l u t i o n  
i 

I n  homogeneous m e d i a ,  i . e .  w i t h i n  e a c h  l a y e r  of  t h e  

inhomogeneous  medium, P and  D h a v e  t h e  same e i g e n v e c t o r s  

w h i c h  are ca l l ed  o p t i c a l  e i g e n m o d e s  (OEM's). T h e i r  

e i g e n v a l u e s  c o r r e s p o n d  t o  p h a s e  f a c t o r s  and z - c o m p o n e n t s  o f  
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LIGHT PROPAGATION 

t h e  wave v e c t o r s ,  r e s p . :  

[847]/67 

T h e r e  a r e  f o u r  O E M ' s  @a (a = 1,..,4) f o r  a g i v e n  P o r  D w i t h  
t h e  wave v e c t o r s  

B e c a u s e  o f  t h e  r e f l e c t i o n  and  r e f r a c t i o n  laws t h e  t a n g e n t i a l  

c o m p o n e n t s  o f  t h e s e  wave v e c t o r s  a r e  e q u a l  w i t h i n  e a c h  l a y e r  
o f  t h e  medium. W i t h o u t  l o s s  o f  g e n e r a l i t y  c a n  b e  a s sumed  
t h a t ,  k = 0 .  kx = no s i n u  c a n  b e  e a s i l y  d e t e r m i n e d  when t h e  
r e f r a c t i v e  i n d e x  no and  t h e  i n c i d e n c e  a n g l e  a. i n  t h e  
" o u t e r "  ( w i t h  i n d e x  0 1  medium ( w h i c h  is m o s t l y  a s sumed  
t o  b e  i s o t r o p i c )  i s  known. 

Y 0 

T RY F Rn P E RT 

I t  h a s  b e e n  known s i n c e  t h e  i n t r o d u c t i o n  o f  t h e  4x4 m a t r i x  

method'  t h a t  t h e  m a t r i c e s  and  D c o n t a i n  l e s s  t h a n  16 

( a c t u a l l y  10) i n d e p e n d e n t  e l e m e n t s .  F o r  example t h e  
f o l l o w i n g  r e l a t i o n s  a r e  t r u e  f o r  t h e  e l e m e n t s  o f  t h e  

m a t r i x  D 

However ,  t h e r e  h a s  b e e n  n o  r i g o r o u s  p r o o f  of  t h e  m e a n i n g  o f  
t h i s  s y m m e t r y .  S u c h  a p r o o f  is g i v e n  i n  t h i s  s e c t i o n .  We 

d e f i n e  t h e  z -componen t  of  t h e  c r o s s e d  P o y n t i n g  v e c t o r  S of  
t w o  OEM (a,/?) 

ocys 

as  a n  i n d e f i n i t e  s c a l a r p r o d u c t  ] of  t h e  v e c t o r s  *a a n d  
* w i t h  

P 

( 8 )  
- 1 

c * a > * o l  = a x P '  

+ ( c  is t h e  vacuum v e l o c i t y  o f  l i g h t  and  d e n o t e s  t h e  
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t r a n s p o s e d  and c o n j u g a t e d  v e c t o r ) .  I n d e f i n i t e  means t h a t  t h e  
m e t r i c  t e n s o r  Ex u s e d  t h e r e i n  h a s  b o t h  p o s i t i v e  and  n e g a t i v e  
+ i g e n v a l u e s ,  t h e r e f o r e  i t  is n o t  p o s i t i v e  d e f i n i t e l y . H o w e v e r ,  
t h e  s i g n  p h y s i c a l l y  d i s t i n g u i s h e s  b e t w e e n  waves c a r r y i n g  
errergy i n  o p p o s i t e  d i r e c t i o n s  w i t h  r e s p e c t  t o  t h e  z - a x i s .  
Wi th  r e g a r d  t o  t h i s  s c a l a r  p r o d u c t  ( 8 )  t h e  d e f i n i t i o n  of  

h e r m i  te i c i  t y  

- c D * a  I qp 1 - c *a > D * ( 3  1 ( 9 )  

*+ z ( D *  ) (10) 

l e a d s  t o  t h e  r e l a t i o n s  

- 
a x  (3 

z *  x p  - 
( D > +  

and 

U s i n g  E q . < 3 )  t h e  l a t t e r  r e l a t i o n  c a n  b e  e a s i l y  c h e c k e d  t o  b e  
t . r u e .  Hence ,  D i s  a n  h e r m i t i a n  m a t r i x  w i t h  respec t  t o  t h e  

d e f i n i t i o n  o f  t h e  s c a l a r  p r o d u c t .  T h i s  symmetry  is 

i m m e d i a t e l y  c o n n e c t e d  w i t h  e n e r g y  c o n s e r v a t i o n 7 .  
C o n s i d e r i n g  i t s  s p a t i a l  d e r i v a t i v e  and u s i n g  E q .  ( 1 0 )  t h e  
s c a l a r  p r o d u c t  ( 8 )  is f o u n d  t o  b e  a c o n s t a n t  

- D+ '5. - Y D .  
X 

(11) 

K e e p i n g  i n  mind t h a t  S f x p  is t h e  z -component  of  t h e  P o y n t i n g  
v e c t o r  E q .  (11) r e p r e s e n t s  t h e  e n e r g y  c o n s e r v a t i o n .  

E s p e c i a l l y ,  f o r  OEM w i t h  d i f f e r e n t  r e a l  wave v e c t o r s  we g e t  

+ a/az ( I*+  * j  = i ( t*/cl  ( rxo  - D + . z ~ )  w = o 

* + 
8 / 8 2  r !P ) = i (w/c) (kza - k Z P  ) (*a Ex ' vp> = 0 ( 1 2 )  x 1 3  

i n s t e a d  o f  ~ q . ( i i ) -  

T h i s  means t h a t  

(13) 
* 

SaQ = 0 i f  kza f kZp.  

A s  a c o n s e q u e n c e  o f  t h e  d e f i n i t i o n  o f  Sw3 as a s ca l a r  
p r o d u c t  i t s  v a n i s h i n g  f o r  two waves ( m , ( 3 )  is r e g a r d e d  as  
t h e i r  m u t u a l  o r t h o g o n a l i t y .  O r t h o g o n a l i t y  i n  t h i s  s e n s e  is 

an i n h e r e n t  p r o p e r t y  of  OEM w i t h  r e a l  and d i f f e r e n t  wave 
v e c t o r s  i n  l o s s l e s s  m e d i a  where  E - E I t  i n c  l u d e s  t h e  
wel l -known cases  of  g e o m e t r i c a l l y  o r t h o g o n a l  p o l a r i z a t i o n  
s t a t e s  i n  i s o t r o p i c  m e d i a  a s  w e l l  a s  more g e n e r a l  f o r m s  of  

* 
a / 3  - pa' 
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LIGHT PROPAGATION [849]/69 

p o l a r i z a t i o n s .  F o r  p l a n e  w a v e s  i n  b i r e f r i n g e n t  m e d i a  t h i s  is  

a c o n s e q u e n c e  o f  t h e  s o - c a l l e d  P o t i e r ' s  r e l a t i o n d " .  
I n  t h e  same s e n s e  t h e  m a t r i x  P c a n  b e  shown t o  b e  u n i t a r y .  

E v i d e n t l y ,  t h e  d e f i n i t i o n  o f  u n i t a r i t y  

is s a t i s f i e d  b y  P s i n c e  t h e  sca la r  p r o d u c t  ( 8 )  is 
i n d e p e n d e n t  on z .  i . e .  t h e  e n e r g y  c a r r i e d  i n  z - d i r e c t i o n  is  
a c o n s t a n t ,  and a m u l t i p l i c a t i o n  by  P r e p r e s e n t s  a s h i f t  i n  
z - d i r e c t i o n .  E q . ( 1 4 )  l e a d s  t o  t h e  r e l a t i o n s  

P+ .T P 1 . z  
X 

w h i c h  a r e  v e r y  u s e f u l l  when t h e  i n v e r s e  o f  P is n e e d e d :  

H e r e b y  t h e  i n v e r s i o n  i s  r e d u c e d  t o  a p e r m u t a t i o n  o f  t h e  rows  
and  c o l u m n s  o f  t h e  t r a n s p o s e d  a n d  c o n j u g a t e d  m a t r i x .  S i n c e  
t h i s  r e l a t i o n  is a p p l i c a b l e  b o t h  t o  a s i n g l e  l aye r  a n d  t o  
t h e  w h o l e  l a y e r  s e q u e n c e  i t  i s  n o t  n e c e s s a r y  t o  r e p e a t  a l l  

t h e  m a t r i x  m u l t i p l i c a t i o n s  i n  o p p o s i t e  d i r e c t i o n  . More 

a p p l i c a t i o n s  of  t h e s e  syinmetry p r o p e r t i e s  c a n  b e  f o u n d  i n Y .  

5 
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